A theoretical description of the Jeans collapse of thin, uniformly rotating, selfgravitating gaseous discs is developed. The principal modes of fragmentation, which govern the evolution of the discs, are determined. It is shown that the discs fragment into a semiregular pattern of interlaced filaments with exponentially growing density contrast. These patterns resemble very closely the patterns found in numerical simulations of fragmenting rotating discs.
INTRODUCTION
All self-gravitating systems have a tendency to fragment by Jeans collapse into more tightly bound substructures. Of particular interest is the fragmentation of self-gravitating gaseous sheets or discs -static, rotating, or expanding. Such discs appear on all length-scales in the universe, ranging from Mpc scale, i.e. 'pancakes' (Zeldovich 1970) , over galactic scales, down to the scales of star-forming molecular clouds (Lin, Mestel & Shu 1965; Larson 1985) .
Since the pioneering works of Chandrasekhar (1955) and Safronov (1960) , criteria for the stability of rotating selfgravitating discs have been formulated in numerous -mostly analytical -studies. The evolution of fragmenting, Jeansunstable discs has been studied since the early works of Miller & Prendergast (1968) or Hohl & Hockney (1969) , mainly by numerical simulations. Recently Monaghan & Lattanzio (1991) have presented results of a series of simulations of fragmenting Maclaurin discs and differentially rotating discs using a smoothed particle hydrodynamics (SPH) code of very high spatial resolution. They find that the discs fragment into a semiregular pattern of interlaced filaments, which grow in density contrast until the knots in the pattern begin to collapse on to themselves. A similar evolution was already seen in the simulations of HoW (1971) or cosmological simulations of expanding sheets (Novikov 1970) . Larson (1992) concludes that 'this type of structure may be a very generic outcome of the effects of gravity in astrophysical systems'.
In order to clarify the underlying principles, it is useful to adopt concepts developed by Haken (1983) 
where a and v denote the surface density and the planar macroscopic streaming velocity, respectively. Euler's equation has the form 
where r is the planar coordinate vector. The macroscopic velocities are defined with respect to the rotating reference system with its spin vector Q o perpendicular to the plane of the disc. In equation (2), an isothermal equation of state has been assumed and the temperature of the gas is assumed to be constant over the disc, so that a is a constant isothermal sound speed. The gradient of the gravitational potential <l> has to be evaluated in equation (2) at the midplane of the disc. In self-gravitating discs, the potential is related to the surface density of the disc by the Poisson equation
where G denotes the constant of gravitation and o(z) is a delta function with respect to the vertical spatial coordinate z.
PERTURBATION ANALYSIS
In order to describe the onset of the gravitational instability and to follow its evolution into the non-linear regime, the stationary state of the disc is subjected to small perturbations 01' V 1 and <P 1 • The basic equations (1) to (3) imply
where the first term on the right-hand side of equation (5) has been evaluated up to quadratic terms in 0 1, The gradient of the surface density of the unperturbed disc, 0 0 , is neglected, because it is assumed to be small on the lengthscales of the perturbations. The set of equations (4) to (6) may be Fourier transformed with respect to the spatial coordinates. Haken (1983) has shown that it is advantageous to combine the Fourier components into small but finite wavepackets. In this way the Fourier components may be considered as discrete but still infinite in number:
where k denotes the wavevector conjugate to the planar spatial coordinate vector r. 
where the dot denotes a time derivative. The quadratic terms have been ordered in such a way that the resulting wavevectors of products of the Fourier terms correspond to the linear terms of the Fourier transform of equation (8), i.e.
k k which reduces to 0'10 = 0, so that 010 = constant, which will be renormalized to 0 10 = 0. This renormalization has already been taken into account in equation (8). The Euler equations give and
where use has been made of the fact that LkkokO-k = 0. The gravitational potential of density perturbations, as considered in equation (7), can be calculated using Greens' functions of the Poisson equation, giving
where k= Ikl. The corresponding acceleration term has already been taken into account in equation (11).
LINEAR STABILITY
The linear stability analysis of the kind of discs considered here is described in full detail in Binney & Tremaine (1987) , so that only the principal results are briefly recapitulated here. If the velocity vector is split into components parallel and orthogonal to the wavevector, respectively,
and equations (8) and (12) are linearized, they take the form
tikJ. +2Q OVk,,=0.
AssUlning a time dependence (16)
leads to the characteristic polynomial of equations (15)
with solutions
where k max is defined as k max = :n: Gool a 2 and Q is the Toomre stability parameter, Q = 2Q o al:n:Go o . The eigenvectors of the set of equations (15) are
so that the solution W k = ° is already contained in the solutions W~,2), and we have only two independent solutions of equations (15). A set of vectors orthonormal to the eigenvectors (19), which will be required in the discussion below, is given by
As is well known, values of the stability parameter Q < 1 imply that density perturbations with certain wavenumbers grow exponentially in time, indicating the onset of gravitational instability. This is illustrated in Fig. 1 , where the dispersion relation w 2 (k) according to equation (18) 
MODE SELECTION AND MODE INTERACTION
The non-linear equations (8) and (11) can be written formally as (!.Jz (:.J%(O"v.' v. " . . . ) , (21) where Z indicates the linear part and .IV represents the nonlinear terms. In the preceding section the eigenvalues of Z have been determined, . and the oscillatory wavepackets depend quadratically on the ~km'" Since these terms couple to the principal ~km .. modes via the non-linear terms, they lead eventually to thirdorder terms, which will be neglected against terms of second order in ~km" in the subsequent discussion. The oscillations described by equation (12) are of the same type and are also neglected.
The sum-rule of wavevectors (9) implies that ~km" wavepackets with wavevectors inclined at angles of 60° with respect to each other form sets of non-linearly interacting modes. Geometrical considerations show that, if (27) where k± denotes wavevectors inclined at angles ± 60° relative to k, respectively. Using the dispersion relation (18), one obtains finally from equations (25) the set of equations (28) where v is the linear growth rate. ~, ~ + and ~ _ correspond to the wavevectors k, k+ and k-, respectively, and have been normalized by the background density 0 0 , The interaction of the modes ~, ~ + and ~ _ leads to a basically hexagonal geometry of the fragmenting disc, which is also seen in the numerical simulations. However, since wavepackets with wavevectors inclined at angles less than 60° evolve up to quadratic order independently of each other, there may be an overlay of such basic patterns.
ILLUSTRA TIVE EXAMPLES AND DISCUSSION
The evolution of the solutions of equations (28) is always dynamic, leading eventually to amplitudes of I ~ I> 1, when the ordering scheme employed here breaks down.! It can be shown (Frink & Fuchs, in preparation) , that the inclusion of cubic terms will prevent amplitudes with values much larger than unity. In any case the Jeans collapse of density perturbations, as described here, will continue until the density contrast of the fragments becomes highly non-linear. A typical solution of equations (28) is shown in Fig. 2 . The initial values have been drawn randomly from a Gaussian distribution with mean zero and a dispersion of 0.01. The left-hand panel shows the evolution of the modes if only the linear terms in equations (28) are taken into account, so that the modes evolve independently from each other. The righthand panel shows the interaction of modes, owing to the non-linearities. The result is typical in so far as one mode usually develops fastest, whereas the other two modes develop more slowly, with about equal magnitude, but often of opposite sign. The corresponding band-like spatial pattern is shown in Fig. 3 . An overlay of two such patterns inclined at an angle of 30°, which, as was demonstrated above, develop independently from each other, is shown in Fig. 4(b) . This looks strikingly like the numerical simulation of a fragmenting Maclaurin disc by Monaghan & Lattanzio (1991) , which is reproduced in Fig. 4(a) . A Maclaurin disc has a finite boundary at a radius r b , rotates uniformly, and has a surface density distribution aooch -(r/rbf So the stability parameter varies as Q oc l/h -(r/r b )2, Q"" 0.2 over wide parts of the disc in Fig. 4(a) . Notice that typical diameters of the cellular patterns are larger than the critical wavelength, both in the numerical simulation and the theoretically calculated density pattern. In Fig. 4 (b) the diameters range from 2 to 5 AmaX' whereas in Fig. 4 The fragmentation of self-gravitating discs 989 typical diameters are about 5 Amax. Monaghan & Lattanzio (1991) have pointed out that the resolution of their code is about Amax , so that structures with length-scales of that order are suppressed in their simulation . Therefore I conclude that there is indeed a physical mechanism responsible for the characteristic pattern of fragmenting, uniformly rotating discs, which is due to the coupling of a few emerging principal fragmentation modes, that determines their common evolution. A similar evolution is expected for fragmenting expanding discs, because the Jeans collapse of such discs is suppressed on large scales, or correspondingly at small wavenumbers, by the expansion (Bonnor 1957) . In differentially rotating discs, however, the spatial pattern is sheared by the differential rotation. Monaghan & Lattanzio (1991) present results for a disc with a nearly flat rotation curve, i.e. Q o oc 11r. The local shearing rate of such a disc is exactly equal to Qo(r) (cf. Toornre 1981), whereas the growth rate of the density perturbations in their simulations is of the order 10Qo(r), so that, as confirmed by the numerical results, hardly any shearing of the pattern is to be expected. Differentially rotating discs develop transient, spiral-shaped density perturbations, even if the value of the stability parameter is larger than one. This is a result of a shearing instability, i.e. 'swing amplification' (Goldreich & Lynden-Bell 1965; Toornre 1981) , with dynamics that are completely different from the Jeans collapse considered in this paper.
